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Abstract
Let G be a connected, locally connected, claw-free graph of order n and x, y be two vertices of G. In this paper, we prove that
if for any 2-cut S of G, S ∩ {x, y} = ∅, then each (x, y)-path of length less than n − 1 in G is extendable, that is, for any path P
joining x and y of length h(<n − 1), there exists a path P ′ in G joining x and y such that V (P ) ⊂ V (P ′) and |P ′| = h + 1. This
generalizes several related results known before.
© 2006 Elsevier B.V. All rights reserved.
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1. Introduction and main results
We consider only ﬁnite, simple and connected graphs. For terminology and notation not deﬁned here we refer to [2].
Throughout this paper, let G be a graph of order n, V (G) and E(G) denote, respectively, the vertex set and the edge set
of G. For each vertex u of G, the neighborhood N(u) of u is the set of all vertices adjacent to u. Set N [u]=N(u)∪{u}.
For S ⊆ V (G), denote by G[S] the subgraph of G induced by S. For convenience, let Hu =G[N(u)]. A vertex u of G
is said to be locally connected if Hu is connected. G is called locally connected if each vertex of G is locally connected.
Generally, G is called locally k-connected if for each vertex u, Hu is k-connected. A connected, locally k-connected
graph must be (k + 1)-connected. The distance between two vertices x, y is denoted by d(x, y). A k-cut is a cut set
containing k vertices.
A path with end vertices x and y is called an (x, y)-path. An (x, y)-path P is extendable if there is an (x, y)-path P ′
in G such that V (P ′) ⊃ V (P ) and |V (P ′)| = |V (P )| + 1. In this case we say also that P can be extended to P ′. An
(x, y)-path is a hamiltonian path of G if it contains all the vertices of G. A graph G is said to be path extendable if for
each pair of vertices x, y and for each nonhamiltonian (x, y)-path P in G, P is extendable.
A graph G is said to be hamiltonian if it has a cycle containing all the vertices of G. G is panconnected if each pair
of distinct vertices x, y are joined by a path of length h for each h, d(x, y)hn − 1. A graph G is called claw-free
if it has no induced subgraph isomorphic to K1,3.
 This work is supported by NNSF of China.
1 Also supported in part by the Summer Research Grant of the College of Liberal Arts and the Faculty Research Program of the University of
Mississippi.
0012-365X/$ - see front matter © 2006 Elsevier B.V. All rights reserved.
doi:10.1016/j.disc.2006.03.057
Y. Sheng et al. / Discrete Mathematics 306 (2006) 2010–2015 2011
Many results on hamiltonian properties of claw-free graphs have appeared during the last two decades. We refer
the reader to a recent survey [5]. In this paper, we are interested in some results involving the local connectivity of a
claw-free graph. In 1979, Oberly and Sumner [7] proved that every connected, locally connected, claw-free graph G of
order n3 is hamiltonian. Clark [4] improved this result by showing that in a graph G satisfying the same condition,
each vertex of G lies on a cycle of length from 3 to n inclusive. Under the condition that G is locally 2-connected,
Kanetkar and Rao [6] and Wang and Zhu [9] got stronger properties of G, respectively.
Theorem 1 (Kanetkar and Rao [6]). Every connected, locally 2-connected, claw-free graph is panconnected.
Theorem 2 (Wang and Zhu [9]). Every connected, locally 2-connected, claw-free graph is path extendable.
The question is whether the locally 2-connectedness can be replaced by locally connectedness without changing
those properties of G. In [8], Sheng et al. proved the following result:
Theorem 3 (Sheng et al. [8]). Let G be a connected, locally connected, claw-free graph of order n and x, y be any
two vertices of G. If for any 2-cut S, S ∩ {x, y} = ∅, then x and y are joined by a path of length h for each h,
d(x, y)hn − 1.
Theorem 3 generalized Theorem 1 and solved the following conjecture proposed by Broersma and Veldman:
Conjecture 4 (Broersma and Veldman [3]). Let G be a connected, locally connected, claw-free graph of order at least
4. Then G is panconnected if and only if G is 3-connected.
In this paper, we show the following, which generalizes all results mentioned above:
Theorem 5. Let G be a connected, locally connected, claw-free graph of order n and x, y be any two vertices of G.
If for any 2-cut S, S ∩ {x, y} = ∅, then each (x, y)-path of length less than n − 1 of G is extendable.
It is easy to see that if for given two vertices x and y of a graph G, G contains (x, y)-paths of all possible lengths,
then {x, y} must not be a 2-cut. We will construct a connected, locally connected, claw-free graph G0 to show that the
condition “for any 2-cut S, S ∩ {x, y} = ∅” cannot be replaced either by “{x, y} is not a 2-cut” or by “S ∩ {x} = ∅”.
G0 is a graph consisting of three distinct complete graphs G1, G2 and G3 with |Gi |3 for 1 i3, |Gi ∩ Gj | = 1
for 1 i < j3 and G1 ∩ G2 ∩ G3 = ∅. Obviously, G0 is a connected, locally connected, claw-free graph. Taking
x ∈ G3\(G1 ∪ G2) and y ∈ G1 ∩ G2, there is no hamiltonian (x, y)-path in G0.
2. Several lemmas
Let P = x1x2 · · · xp be an (x1, xp)-path of G with an orientation from x1 to xp. We let xiP xj , for 1 ijp, be
the subpath xixi+1 · · · xj , and xjPxi = xjxj−1 · · · xi . We will consider xiP xj and xjPxi both as paths and as vertex
sets. We put x−(P )i = xi−1, x+(P )i = xi+1, x−2(P )i = xi−2 and x+2(P )i = xi+2. If there is no doubt about the path we only
write x−i , x
+
i , etc. We say that an (x, y)-path P is minimal if there is no (x, y)-path P
′ in G such that V (P ′) ⊂ V (P ).
Let z be an internal vertex of an (x, y)-path P . If there exists a minimal (u1, us)-path Q = u1u2 · · · us in Hz such
that u2 = x, us = z+ (u2 = y, us = z−, resp.) and u1 is the only vertex of Q not contained in P , then we call z an
x-detour (a y-detour, resp.) vertex of P , and Q a (z, x)-detour (a (z, y)-detour, resp.) of P . In this case, we say also
that P has a (z, x)-detour (a (z, y)-detour, resp.). By the deﬁnition, if Q is a (z, x)-detour or a (z, y)-detour of P then
the order of Q is at least 3.
We emphasis that for any z ∈ V (G), the order of any minimal path in Hz is at most 4, if G is a claw-free graph. We
will use the following lemmas which were proved in [8].
Lemma 1 (Sheng et al. [8]). LetG be a claw-free graph,P be an (x, y)-path ofG and z be an internal vertex ofP with
N(z)V (P ). If P is not extendable and z is a locally connected vertex, then P has a (z, x)-detour or a (z, y)-detour.
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Lemma 2 (Sheng et al. [8]). LetG be a claw-free graph,P be an (x, y)-pathwhich has a (z, x)-detourQ=u1u2 · · · us .
If P is not extendable, then we have
(1) x+u3 ∈ E(G), s = 4 and u3 ∈ x+2Pz−.
(2) u+3 z+ ∈ E(G).
(3) if u3 	= z−, then u3z− ∈ E(G).
Lemma 2′ (Sheng et al. [8]). LetGbe a claw-free graph,P be an (x, y)-pathwhich has a (z, y)-detourQ=u1u2 · · · us .
If P is not extendable, then we have
(1) x+u3 ∈ E(G), s = 4 and u3 ∈ z+Py−2.
(2) u−3 z− ∈ E(G).
(3) if u3 	= z+, then u3z+ ∈ E(G).
Lemma 3 (Sheng et al. [8]). Let G be a claw-free graph, P be an (x, y)-path. If P has two x-detour vertices or
y-detour vertices, then P is extendable.
Lemma 4 (Sheng et al. [8]). LetG satisfy the conditions of Theorem 5 andP be an (x, y)-path of length k, 3kn−2.
If N(x) ⊆ V (P ) or N(y) ⊆ V (P ), then P is extendable.
By using a result of Bedrossian in [1], we can obtain the following
Lemma 5. Let x be a vertex of a claw-free graph G, A ⊆ N(x). If G[A] is connected, then either A can be parti-
tioned into two subsets A1 and A2 such that G[A1],G[A2] are complete, possibly with edges in between, or G[A] is
hamiltonian. Moreover, if v ∈ A is not a cut vertex of G[A], then there is a hamiltonian (x, v)-path in G[A ∪ {x}].
3. Proof of Theorem 5
We prove the theorem by contradiction. Suppose that G satisﬁes the conditions of Theorem 5 and there exists
an (x, y)-path P which is not extendable. Since G is connected and locally connected, we have |V (P )|3. Set
Z = {z|N(z)V (P ), z is an internal vertex of P }. By the assumptions of Theorem 5, G\{x, y} is connected, and so
there exists a vertex z1 ∈ Z. By Lemma 1, there is a (z1, x)-detour or (z1, y)-detour of P . Without loss of generality,
we assume that there exists a (z1, x)-detour uxwz+1 by Lemma 2. We can assume that w= z−1 , otherwise by Lemma 2,
we consider P0 =xPwz1Pw+z+1 Py instead of P . Obviously, V (P0)=V (P ) and xz−(P0)1 (=xw) ∈ E(G). By Lemma
2(3), we have z−(P0)1 z+(P0)1 (=wz−(P )1 ) ∈ E(G), and hence z1 is an x-detour vertex of P0. First we show some claims.
Claim 1. |Z|2.
Proof. By Lemma 1, for each z ∈ Z, P has a (z, x)-detour or a (z, y)-detour, that is to say z is an x-detour vertex
or a y-detour vertex of P . If |Z|3, then P has two x-detour vertices or two y-detour vertices. By Lemma 3, P is
extendable, a contradiction. Thus |Z|2. 
Claim 2. N(x+) ∩ N(u) ∩ N(x) ⊆ {y}.
Proof. If not, then there exists a vertex v 	= y such that vx+, vu, vx ∈ E(G). It is obvious that v ∈ V (P ), otherwise
P is extendable in using v, a contradiction. Thus v ∈ Z, and hence v−v+ ∈ E(G). So P can be extended to
xuvx+Pv−v+Py, a contradiction. 
Claim 3. Let B1 = (N [u] ∩ N(x))\{y}, B2 = (N [x+] ∩ N(x))\{y}. Then B1, B2 have the following properties:
(1) N(x)\{y} can be partitioned into B1, B2.
(2) The graphs G[B1] and G[B2] are complete.
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Proof. (1) By Claim 2, we know B1 ∩ B2 = ∅. Clearly, we have ux+ /∈E(G), otherwise P is extendable in using u,
a contradiction. If B1 ∪ B2 	= N(x)\{y}, then there is a vertex u′ such that u′ ∈ N(x)\{y} and uu′, x+u′ /∈E(G), and
hence the set {x, u, u′, x+} induces K1,3, a contradiction. So B1 ∪ B2 = N(x)\{y} and (1) holds.
(2) Assume that there exist v1, v2 ∈ B2 with v1v2 /∈E(G). Since P is not extendable, by Claim 2, we can easily
derive that the induced subgraph G[{x, v1, v2, u}] is a claw, a contradiction. Thus G[B2] is complete. Similarly, G[B1]
is complete. 
Claim 4. There is an (x, y)-path P ′ such that V (P ′) ⊆ V (P )\{z−1 , z1} and |V (P ′)|3, and moreover we have
y−(P ) = y−(P ′) if z1 	= y−(P ).
Proof. By the assumptions ofTheorem5, {x, z−1 } is not a 2-cut, and henceG\{x, z−1 } is connected.Note that x+Pz−21 	=∅, since otherwise P can be extended to xuz1z−1 z+1 Py. Thus, there is a path R = v1v2 · · · vm in G\{x, z−1 } such that
V (R) ∩ (x+Pz−21 ) = {v1}, V (R) ∩ (z1Py) = {vm}.
Case 1. N(v1)V (P ).
Note that z1 is an x-detour vertex of P . By Lemmas 1 and 3, v1 is a y-detour vertex of P . And by Lemma 2′, P has
a (v1, y)-detour Q = vyw′v−1 in Hv1 , where w′ ∈ v+1 Py−. If z1 = y−, then xPv1y is the required path. So in the rest
of the proof, we assume that z1 	= y−.
If w′ ∈ z+1 Py−, then P ′ = xPv−1 w′Py is the required path.
Ifw′ ∈ v+1 Pz−21 , we can getw′y− ∈ E(G) by the fact that z1, v1 ∈ Z and |Z|2 and consideringG[{y, v, y−, w′}].
And hence P ′ = xPw′y−y is the required path.
If w′ = z1, then v1u /∈E(G), since otherwise P can be extended to xPv−1 z1(=w′)uv1Pz−1 z+1 Py. It is obvious that
uz+1 /∈E(G). We get v1z+1 ∈ E(G) by considering G[{z1(=w′), z+1 , v1, u}]. Then P ′ = xPv1z+1 Py is the required
path.
Ifw′ =z−1 , we have z−1 v(=w′v) /∈E(G), sinceQ is a minimal path joining v and v−1 . ConsideringG[{y, v, y−, z−1 }],
we have z−1 y− ∈ E(G). Considering G[{x, x+, u, z−1 }], we have z−1 x+ ∈ E(G). It is obvious that z−1 v1(=w′v1) ∈
E(G). We have x+ 	= v1, otherwise P can be extended to xuz1Py−z−1 Px+(=v1)y; and we have x+v1 /∈E(G),
since otherwise P can be extended to xuz1Py−z−1 Pv
+
1 v
−
1 Px
+v1y. Now we consider G[{z−1 , x+, v1, y−}], either
x+y− ∈ E(G) or v1y− ∈ E(G), and hence either P ′ = xx+y−y or P ′ = xPv1y−y is the required path.
Case 2. N(v1) ⊆ V (P ) ( i.e. m = 2).
If v2=z1, then v1z+1 ∈ E(G), because z1u, z1v1, z1z+1 ∈ E(G) anduz+1 , uv1 /∈E(G). Sowe can letP ′=xPv1z+1 Py.
If v2 = y and z1 = y−, let P ′ = xPv1y.
If v2 = y and z1 	= y−, we get v1y− ∈ E(G) by considering G[y, v, y−, v1], we know that there exists v ∈
N(y)\V (P ) by Lemma 4. Then P ′ = xPv1y−y is the required path.
If v2 	= z1 and v2 	= y then P ′ = xPv1v2Py is the required path.
In all cases above we have |P ′|3 obviously. The proof of Claim 4 is complete. 
Since |V (P ′)|3, there is a vertexx′ ∈ N(x)∩(x+(P ′)P ′y−(P ′)) such thatvx /∈E(G) for eachv ∈ (x′)+(P ′)P ′y−(P ′).
Let P ∗ = xx′P ′y. Let A1 =N(x)∩N [u] ∩ (Z ∪ {u}), A2 =N(x)∩N [x+] ∩ (V (P )\{y}) and A=A1 ∪A2. Clearly,
we have x′ ∈ (V (P )∩N(x))\{y}. By Claim 3(1), we can get x′ ∈ A. By Claim 3(2), G[A1] and G[A2] are complete.
Note that z1 ∈ A1, z−(P )1 ∈ A2 and x′ /∈ {z1, z−(P )1 }. Thus G[A] is connected and x′ is not a cut vertex of G[A]. By
Lemma 5, there is a hamiltonian (x, x′)-path H of G[{x} ∪ A]. Let P1 = xHx′P ∗y.
Note that x′ 	= y. ByClaim 4, if y−(P ) 	= z1, then y−(P )=y−(P ′)(=y−(P ∗)), and hence y−(P ) ∈ x′P ∗y; if y−(P )=z1,
then we have y−(P ) ∈ A1. So we always have y−(P ) ∈ V (P1). It is obvious that N(x) ∩ V (P ) ⊆ N(x) ∩ V (P1) and
|V (P1)\V (P )| = |{u}| = 1. Let P2 be an (x, y)-path such that
(1) N(x) ∩ V (P ) ⊆ N(x) ∩ V (P2), y−(P ) ∈ V (P2) and |V (P2)\V (P )| = 1;
(2) subject to (1), |V (P )\V (P2)| is as small as possible.
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Let {a} = V (P2)\V (P ) and S = V (P )\V (P2). It is easy to see that S 	= ∅, since otherwise P can be extended
to P2, a contradiction. Since N(x) ∩ V (P ) ⊆ N(x) ∩ V (P2), we get S ∩ N(x) = ∅. We have x+(P ) ∈ V (P2) by
x+(P ) ∈ N(x) ∩ V (P ). Since x+(P ), y−(P ) ∈ V (P2), there exist u1, u′1 ∈ S(possibly, u1 = u′1) such that u1 ∈ xPu′1
and u−(P )1 , u′1
+(P )
are two distinct internal vertices of P2. Set u−(P )1 =w1, u′1+(P ) =w2. Since w1, w2 are two locally
connected vertices in G, there exist two minimal paths Q1 = u1u2 · · · ut in Hw1 and Q2 = u′1u′2 · · · u′t ′ in Hw2 , such
that ut = w−(P2)1 , u′t ′ = w−(P2)2 . Note that u1 ∈ V (P ) and w1 = u−(P )1 , so we have u2 ∈ V (P ), since otherwise P can
be extended to xPu−(P )1 (=w1)u2u1Py, a contradiction. Similarly, we have u′2 ∈ V (P ).
Claim 5. |V (P2)|6.
Proof. We have x+(P ) 	= z−(P )1 , otherwise P can be extended to xuz1x+(P )(=z−(P )1 )z+(P )1 Py. Note that xx+(P ),
xz
−(P )
1 , xz1 ∈ E(G) and N(x) ∩ V (P ) ⊆ N(x) ∩ V (P2). Now we have {x, y, a, z1, z−(P )1 , x+(P )} ⊆ V (P2), Thus
Claim 5 holds. 
Claim 6. V (Q1) ⊆ V (P ) ∪ {a}, V (Q2) ⊆ V (P ) ∪ {a}.
Proof. Suppose that V (Q1)V (P )∪{a}. Since u1, u2 ∈ V (P ), ut ∈ V (P2) and t4, we have u3 /∈V (P )∪{a}. Then
there exist two vertices a, u3 /∈V (P ). Next we show that there exist three internal vertices of P which are contained in
N(a) ∪ N(u3), which contradicts Claim 1.
Considering G[{w1, u1, u3, w+(P2)1 }], by the minimality of Q1 and the choice (2) of P2, we have u3w+(P2)1 ∈
E(G). So w1, u2, w+(P2)1 , w
−(P2)
1 ∈ N(u3). Thus {w1, u2, w+(P2)1 , w−(P2)1 , a−(P2), a+(P2)} ⊆ Z ∪ {x, y, a}. Note that
w1(=u−(P )1 ) and w2(=u′1+(P )) are two internal vertices of P . Thus w1, w2 ∈ Z.
Case 1. u2 	= y.
In this case, u2 is an internal vertex of P , and hence u2 ∈ Z. Note that |Z|2 and w1 ∈ Z and w1 	= u2.
By the choice (2) of P2, we have u2 /∈ {w+(P2)1 , w−(P2)1 }. Thus {w+(P2)1 , w−(P2)1 } ⊆ {x, y, a}. By Claim 5, we have
{w−(P2)1 , w+(P2)1 } 	= {x, y}.
If w−(P2)1 = x,w+(P2)1 = a, then a+(P2) is an internal vertex of P by Claim 5, and hence a+(P2) ∈ Z. We have
u2 	= a+(P2), since otherwise let P3 = xu3w1u1w+2(P2)1 (=u2)P2y, which satisﬁes (1) and contradicts the choice (2) of
P2. Thus w1, u2, a+(P2) are three distinct vertices of Z, a contradiction.
Similarly, if w−(P2)1 = a,w+(P2)1 = y, then w1, u2, a−(P2) are three distinct vertices of Z, a contradiction.
Case 2. u2 = y and u−(P2)2 	= a.
For G[{y, u1, u3, y−(P2)}], we have u3y−(P2) ∈ E(G). Then w1, y−(P2) ∈ Z. We have w+(P2)1 	= y−(P2), since
otherwise let P3 = xP 2w−(P2)1 y−(P2)(=w+(P2)1 )w1u1y, which contradicts the choice (2) of P2. So {w−(P2)1 , w+(P2)1 } ⊆
{x, y, a}, and hence w−(P2)1 = x,w+(P2)1 = a. Clearly, we have a+(P2) ∈ Z and a+(P2) 	= y−(P2) by Claim 5, and hence
w1, y−(P2), a+(P2) are three distinct vertices of Z, a contradiction.
Case 3. u2 = y and u−(P2)2 = a.
If w−(P2)1 = x, then w1, w+(P2)1 , a−(P2) are three distinct vertices of Z by Claim 5, a contradiction. Thus w−(P2)1
is an internal vertex of P , and hence w−(P2)1 ∈ Z. Since w1 ∈ Z, we have w+(P2)1 = a = y−(P2). Let P3 =
xP 2w
−(P2)
1 y
−(P2)(=w+(P2)1 = a)w1u1y(=u2), which contradicts the choice (2) of P2.
Similarly we have V (Q2) ⊆ V (P ) ∪ {a}. 
Now, we are ready to prove Theorem 3. Set G′ = G[V (P2) ∪ V (Q1) ∪ V (Q2)]. It is obvious that G′ is a connected
claw-free graph, and V (G′) ⊆ V (P ) ∪ {a} by Claim 6. If w1 is not locally connected in G′, then G[N(w1) ∩ V (G′)]
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consists of two complete components. Thus u1w−(P2)1 ∈ E and P2 can be extended through u1, a contradiction. Thus
w1 is a locally connected vertex in G′. Similarly, we have that w2 is a locally connected vertex in G′. Note that
V (G′) ⊆ V (P2) ∪ S and S ∩ N(x) = ∅. By Lemma 1, we know that w1, w2 are two y-detour vertices of P2 in G′. By
Lemma 3, P2 is extendable in G′, which contradicts the choice (2) of P2.
Therefore, the proof of Theorem 5 is complete.
Note. The main results of this paper are obtained independently by Sheng, Tian, Wei and by Wang, Zhu. Therefore,
we put the two separate papers into this one.
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